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Abstract 

In the theory of the Dh'ac equation and in the standard model, the 
neutrino is massless. Both these theories use Lorentz invariance. In 
modern approaches however, spacetime is no longer smooth, and this 
modifies special relativity. We show how such a modification throws 
up the mass of the neutrino. 

1 Introduction 

Today we know that neutrinos are described by the two component equation. 
Such an equation has a long history. It was proposed by Hermann Weyl as 
long ago as 1929. He argued that it would represent a massless Fermion. 
However the suggestion was soon rejected because such a particle would not 
be invariant under the parity transformation. Later experiments showed the 
non conservation of parity in beta decay, as suggested by Yang and Lee. 
Salam and Landau then proposed that neutrinos obey the Weyl equation, 
discarded nearly thirty years earlier. The Weyl equation itself is given by [1] 

ifidtct) = ca ■ p(f) (1) 

This equation brings out particles with definite helicity states, and satisfies 
the condition for neutrinos. Though the Weyl equation differs from the four 
component Dirac equation, it is well known that the massless Dirac equation 
too can represent a neutrino, provided an extra constraint is satisfied. As 
we will briefly see below, the solutions of the Dirac equation preserve parity. 
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while the constraint removes two of the four components of the Dirac solution, 
which thus makes the solution non invariant under parity. We can examine 
this a little more carefully, by starting with the Dirac equation for a massless 
particle 

i^^d^^{x) = (2) 
which in Hamiltonian form reads 



In the usual representation 
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The Hamiltonian can now be written in the form 

H = ^l5J2^P = ^75|p|s(p)] 



(3) 

(4) 
(5) 

(6) 
(7) 



We can see from ([7]) that the eigenfunctions of H and s(p) are eigenfunctions 
of «75. The four linearly independent solutions of 

Hu = pqu 

with the z axis as the direction of p are given by: 
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The eigenvalue of I'j^ for these solutions are summarized in Table 1. 

The first two spinors in ([8]) represent positive energy solutions while the 
last two represent negative energy solutions. Their helicities are given by 
respectively +1, —1, +1 and —1. 
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Table 1: 





Helicity 
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As can be seen, the eigenvalue of ^75 for a positive energy solution is the 
same as that of the helicity operator. For a negative energy solution on the 
other hand, the eigenvalue of ^75 is opposite that of the helicity operator. 
As is well known a neutrino is described by a two-component equation, the 
plane wave solutions of which have the property that for pq = +|p| the 
helicity is —1, and for po = — |p| the helicity is +1. For this we require that 
the plane wave solutions of ([3]) need also to satisfy: 

ip = -i'j5ip (9) 

This constraint is invariant for proper Lorentz transformations. To put it 
another way, if ■?/' is a four-component spinor satisfying ([3]), the spinor ipn 
defined by 

0=^(1-^75)7/' (10) 

satisfies the condition (Mi If 



7=r," (11) 






7.- " , (12) 



then the spinor (p is essentially a two-component quantity since the projec- 
tion operator |(1 — ijn) annihilates the two lower components. The two- 
component spinor (p satisfies the equation 

- a ■ p(j) = pQ(j) (13) 

As we can see if we multiply ([3]) by |(1 — ^75). 

However the SuperKamiokande experiment [2] clearly showed that the neu- 
trino has a small mass. On the other hand according to the standard model 
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the neutrino should be massless [3]. So in recent years there has been much 
work on going beyond the standard model in order to explain amongst other 
things, the neutrino mass. Currently, the dominant view is that the neutrino 
mass oscillation arises from the MSW mechanism. 

We would now like to deduce the neutrino mass from a slightly different per- 
spective, and argue that it is a result of a fuzzy spacetime structure, resulting 
in a modified Dirac equation. 



2 Modified Dirac Equation 

Our starting point is the fact that, if there is a minimum fundamental length 
/, the usual Quantum Mechanical commutation relations get modified as 
shown by Snyder a long time ago [U El EJ [7| . These relations are now replaced 

by 

[x,p] = n' = h[l+ p'^]etc (14) 

(Cf. also ref. |8j|). f|T4|) shows that effectively h is replaced by h' . So, 

or, the energy-momentum relation leading to the Klein-Gordon Hamiltonian 
being modified to the so called Snyder-Sidharth Hamiltonian ||9j, 

= m^ + oc /V, (15) 

neglecting higher order terms and using natural units, c = 1 = h. 
For Fermions the analysis can be more detailed, in terms of Wilson lattices 
[TO]. The free Hamiltonian now describes a collection of harmonic fermionic 
oscillators in momentum space. Assuming periodic boundary conditions in 
all three directions of a cube of dimension L^, the allowed momentum com- 
ponents are 



q 

([16]) finally leads to 



{gfc = Y^fc;A; = l,2,3|, < i;,. < L - 1 (16) 
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E^ = ±im^ + J2 a-hin'qk (17) 



k=l 
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where a = / is the length of the lattice, this being the desired result. (ITTI) 
shows that a in (ITB]) is positive. We have used the above analysis more to 
indicate that in the Fermionic case, the sign of a is positive. A rigid lattice 
structure imposes restrictions on the spacetime - for example homogeneity 
and isotropy. Such restrictions are not demanded by the author's model of 
fuzzy spacetime, and we use the lattice model more as a computational de- 
vice (Cf. ref. [B]). This leads to a modification of the Dirac and Klein-Gordon 
equations at ultra high energies (Cf.ref.[6l [HI [12]). It may be remarked that 
proposals like equation ([T5|) have been considered by several authors based 
on phenomenological considerations (Cf. refs.|13j-|22j). Our approach how- 
ever, has been fundamental rather than phenomenological. 
Once we consider a discrete spacetime structure, the energy momentum re- 
lation, gets modified O [10] and we have, 

- p2 - m^- oc /V = (18) 

/ being the minimum length interval, which could be the Planck length or 
more generally the Compton length. Let us now consider the Dirac equation 

{7>^-m}7/' = {7V + r}^/' = (19) 

If we include the extra effect shown in (1181) we get 

(7V + r + ^ = (20) 

(5 being a suitable matrix. 
Multiplying f[2Ul) by the operator 

- r - pip') 

on the left we get 

pI - (rr + {vp + pv} + pHV] ^ = o (21) 

If (pT!) , as in the usual theory, has to represent ([T8l) , then we require that the 
matrix /3 satisfy 

TP + PT = 0, P' = l (22) 

From the properties of the Dirac matrices p3] it follows that f[22|) is satisfied 
if 

/? = 7' (23) 
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Using fl23p in fl2Up . the modified Dirac equation finally becomes 

{7V + r + ia-iHp^ } = (24) 
owing to the fact that we have [23] 

p^5 ^ _^5p ^25) 

It follows that the so called Dirac-Sidharth equation fl2^ is not invariant un- 
der refiections. This is a result which is to be expected because the correction 
to the usual energy momentum relation, as shown in f|T8|) arises when I is of 

the order of the Compton wavelength. The usual Dirac four spinor 

has the so called positive energy (or large) components and the negative 
energy (or small) components x- However, when we approach the Compton 
wavelength, that is as 

p — s> mc 

the roles are reversed and it is the x components which predominate. More- 
over the X two spinor behaves under refiection as [23] 

-X 

In any case, this too provides an experimental test. We can also see that 
due to the modified Dirac equation (!24l) . there is no additional effect on the 
anomalous gyromagnetic ratio. This is because, in the usual equation from 
which the magnetic moment is determined [21] viz., 

at jic 

where 5* = /iX) /2 is the electron spin operator, there is now an extra term 

7^E] (26) 
However the expression fl26|) vanishes by the property of the Dirac matrices. 
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3 Massive Neutrinos 



Taking units c = 1 = h again, the so called Dirac-Sidharth equation can be 
written as 

= {D + talp^-f^)^ = (27) 

In (1271) D represents the usual Dirac operator given in flM|) and there is the 
extra term following it. Equation flTTI) is valid both for a massive and a 
massless Dirac particle [SH]- We can see that, as the Hamiltonian is given by 
(Cf. Section 1). 

^ = «75l] = «75|p1s(p)| (28) 

the extra term in fl271) represents a mass term. In other words due to the 
Snyder-Sidharth-Hamiltonian f|T5|) . the Dirac particle acquires an additional 
mass. However what is very interesting is that the extra term is not invariant 
under parity owing to the presence of 75. Indeed as we know from the theory 
of Dirac matrices [23] 

P75 = -P75 (29) 

Let us now consider the case of a massless Dirac particle. We can see that 
in this case (1271) represents the neutrino with a mass, there now being no 
need for the extra constraint iQ required for massless neutrinos. Equation 
f l27|) automatically gives a parity non conserving particle. In other words 
a massless particle, satisfying the Dirac equation in the usual theory now 
acquires a mass. 



4 Remarks 

1. We can now ask what does flTTI) represent if to start with the particle has a 
mass m? As can be seen it now acquires an extra mass, at ultra high energies. 
However this extra mass does not conserve parity. So, usual particles at very 
high energies become unstable, due to this additional contribution: the mass 
now has two parts, the usual mass m that is invariant under reflection, but 
also a parity non- conserving part. We could also think of it as follows: a 
usual spin half particle of mass m, at ultra high energies shows up as two 
other particles with slightly different masses. It appears that this could be 
related to particles like the Ko meson. 

2. The standard model or the Dirac equation are strictly in accordance with 
Special Relativity and the neutrino mass is accordingly zero. Now however. 



7 



we have the SS-Hamiltonian fllSI) which is a very high energy correction to 
the usual relativistic dispersion relation. It is this modification or extra term 
that throws up the massive neutrino breaking the Lorentz symmetry. 
3. We can look upon this in a different way [26]. The usual Dirac equation 
which is invariant under the Lorentz transformation including the improper 
parity operation is given by the representation 

D(|o) © D(oi) (30) 

The solutions which are according to the two-component representation Z}'^^°^ 
or are not invariant under parity. However the combined four-component 
solution Dirac spinor in (130|) is invariant under a Lorentz transformation plus 
the parity transformation. When we introduce the extra term in the modified 
Dirac equation, this term spoils the invariance under parity. If we write the 
usual Dirac spinor as 

then it is known as we saw [27] that at very high energies the upper or positive 
two spinor is invariant under parity, but not the lower. That is under the 
parity operator P 

(32) 

Now and x each are given by the D'^^^^ and D'^^^^ representations. Under 
space refiections, they go into each other and it is for this reason that ip given 
by (130|) is invariant. 

If we still consider this solution as an approximation to fl27l) also, the result 
of the parity operator P would now be to interchange the behavior and x 
under P. 



5 Appendix 



It is well known that at ultra high energies the massive Dirac equation goes 
over the massless Dirac equation because of the dominance of the kinetic 
energy term. In this case there is the well known CINI transformation which 
reduces the Dirac Hamiltonian to the form 
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where 

(33) 

The Dirac equation now throws up the positive and negative hehcity states 
which are described by two separate two component equations. The imph- 
cation of the extra term in the SS-Hamiltonian can be seen from (1331) . For 
example if we take the massless case m = 0, there is now a new mass term in 
fl33|) . However, because of the presence of 7^ in the extra term, the hehcity 
states now have two different masses indicating that the righthanded anti 
neutrino would have a slightly different mass compared to the lefthanded 
neutrino. 
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